Distributional Sources in General Relativity: two point-like examples revisited 
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A regularization procedure, that allows one to relate singularities of curvature to those of the 
Einstein tensor without some of the shortcomings of previous approaches, is proposed. This regu- 
larization is obtained by requiring that (i) the density |detg| 2G5, associated to the Einstein tensor 
G1 of the regularized metric, rather than the Einstein tensor itself, be a distribution and (ii) the 
regularized metric be a continuous metric with a discontinuous extrinsic curvature across a non-null 
hypersurface of codimension one. In this paper, the curvature and Einstein tensors of the geometries 
^>' associated to point sources in the 2 -I- 1-dimensional gravity and the Schwarzschild spacetime are 

considered. In both examples the regularized metrics are continuous regular metrics, as defined by 
Geroch and Traschen, with well defined distributional curvature tensors at all the intermediate steps 
of the calculation. The limit in which the support of these curvature tensors tends to the singular 
region of the original spacetime is studied and the results are contrasted with the ones obtained in 
previous works. 
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Within the framework of general relativity, a spacetime singularity corresponds to a singularity of the metric tensor 
which can not be removed by a coordinate transformation, even one which itself becomes singular where the metric 
O . does. On the other hand, it is expected that this singularity reveals itself through a lack of smoothness of the 
^ '■ curvature tensor. In order to incorporate singular curvatures into general relativity, distributional curvatures have 
5-H . been considered in several papers 13-0]. However, as is well known, computing the curvature tensor from a metric 
PfJ' requires nonlinear operations which are not defined within the framework of distribution theory. This imposes strong 
^ , constraints on the class of metrics whose curvature tensors make sense as distributions. 

There is a class of metrics, the regular metrics M, for which the curvature tensor has a well defined distributional 
. J meaning. The singular parts of the curvature tensor of these regular metrics for a d-dimensional spacetime are 
j^ ■ supported on submanifolds of codimension of at most one, i.e., of dimension > d — 1, and for these metrics it makes 
sense to write Einstein's equations with energy-momentum tensor distributions. Metrics for surface layers g, turn 
out to be included into the class of regular metrics Hfl-S]- However, there are some very simple metrics, from which 
a physically interesting spacetime follows, which are not regular. One example is the 3 -I- 1-dimensional Minkowski 
metric with an angular deficit [0M| , another is the Schwarzschild metric B . Regular metrics are a subclass of a larger 
class of metrics, semi-regular metrics [BJ. The curvature of a semi- regular metric is well defined as a distribution 
and it has been proved that the 3 -I- 1-dimensional Minkowski metric with an angular deficit and a certain kind of 
traveling wave metric are semi-regular metrics |Q] . Alternatively, by considering the Colombeau's theory of generalized 
functions [ |lO[ , distributional curvatures can be defined. This approach has been used to obtain the distributional 
curvature associated to a conical singularity |0-Q3[ but we will not consider it here. 

By invoking regularization procedures, a distributional meaning may be given to the curvature tensor of a non- 
regular metric. However, the reference differentiable structure that the regularization implicitly uses, makes uncertain 
the independence of the result on the regularization procedure chosen |14[| . It is well known that problems appear 
in defining the curvature tensor for the 3 -I- 1-dimensional Minkowski spacetime with an angular deficit, due to the 
fact that the distributional limit depends on the choice of regularization Ml . Regularizations of the metric have been 
also used to calculate distributional curvatures for the Schwarzschild |lq,16| and Kerr-Newman spacetimes |0], with 
results which are regularization scheme dependent u& . 

In this work we propose a very restrictive kind of regularization inspired by the approach used in early works to the 
study of the classical gravitational self-energy and the minimum extension associated to point-like sources in general 



relativity [|l^,|9| . We show that this approach may be used to regularize non-regular metrics in such a way that the 
regularized metrics are continuous regular metrics with well defined distributional curvature tensors, in the sense of 
reference [0, at every intermediate step in the calculation. Furthermore, since continuous regular metrics can be 
suitably approximated by smooth metrics |4| , this approach provides a physically sensible idealization for the smooth 
metrics of general relativity. 

In section ^ after an overview on the subject of distributions on metric manifolds, we review the definitions of 
regular and semi-regular metrics. In the following section, the distributional curvature and Einstein tensors of the 
(2 -|- l)-dimensional spacetime around a massive point source ||20|| are considered in some detail. First, following Ref. 
PI , we show that the metric of this spacetime is a semi- regular metric with a well defined distributional curvature 
but with an Einstein tensor which is zero everywhere. Next, we regularize the metric by requiring that (i) the tensor 
density \detg\^G1 associated to the mixed- index Einstein tensor G^, rather than the Einstein tensor itself, be a well 
defined distribution and (ii) the regularized metric be a continuous metric with a discontinuous extrinsic curvature 
across a non-null hypersurface of codimension one. The distributional limit to a point source is shown to be in 
agreement with the identification made in reference pO| |. Finally, we show that the regularized metric is a regular 
metric and, following the approach of Ref. B, calculate the curvature and Einstein tensors. The distributional limit 
in which the regularization is removed reveals the origin of the disagreement between the results obtained. In section 



IV, the Schwarzschild spacetime is considered. We first prove that the Schwarzschild metric is not a semi- regular 



metric and show some drawbacks of previous regularization approaches. Next, following the regularization procedure 



of section [II, we regularize the Schwarzschild metric obtaining a regular metric. The results, in the limit in which the 
regularization is removed, are shown to be in agreement with those obtained in previous works. Finally, following the 
approach of Ref. M, we calculate the curvature and Einstein tensors of the regularized metric. The results obtained 
by taking the limit in which the regularization is removed are then contrasted with the previous ones. 

II. REGULAR AND SEMI-REGULAR METRICS 

Let us briefiy review the class of metrics which have been defined as regular and semi-regular metrics. For this, we 
first recall some fundamental results about distributions. Since we shall have no need for the theory of distributions 
on arbitrary manifolds in its greatest generality l2^,B3], we shall simplify wherever possible. 

Let <I>(A^) be the family of C°° real- valued scalar functions </> defined on an orientable n-dimensional C°° paracom- 
pact manifold Ai and vanishing outside some compact region of Ai. Further, suppose that a rule can be introduced 
in $(7W) defining the convergence to zero of a sequence of functions 0„ {n — 1,2, . . .) belonging to $(A^). 

Let g be a metric on A4 with associated volume element cOg = \detg\2e, where e = dx^ A ... A dx" is the associated 
coordinate volume element. We can define the functional generated by the 0-form / on ^{Ai) through the rule 

u;g/0= f dx^ ...dx^'ldetglifixmx), (1) 

M Jum 

where Um is the coordinate domain corresponding to A4. Obviously, this identification does not depend on the choice 
of coordinate system covering the corresponding domain, but depends on the choice of g through the volume element 



UJ. 
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Let 77 be a C°° metric tensor. If we endow the manifold ^A with such a metric, every locally integrable 0-form / 
defines a distribution through (|l|), and write 

m = [ c.,/0. (2) 

Jm 

However, it should be noted that Eq.(|l|) allows one to consider the functional generated by the scalar density \detg\2 f, 
even when g is a C'^ metric tensor. 

The extension to tensor distributions is straightforward. Let U be a smooth I ) -tensor with compact support 
on A^ . A locally integrable ( ) -tensor field T is identified with a tensor distribution via 

T[U] EE f (T|UK, (3) 

Jm 

where 

(T|U)^r-%...,,C/^-^',,....^. (4) 



A ( j -tensor field T is called locally bounded provided that (Q) is bounded for all test ( J -tensor fields U. 

The derivative in the smooth metric r; of a I ) -tensor distribution T is the I ,-|] -tensor defined for every test 
P j -tensor U by 

VT[U] =-T[77- VU], (5) 

where 

ivVUy'-'\...,^VjU"^-'\...,. (6) 

Finally, the weak derivative of a locally integrable ( j -tensor tensor field T is a locally integrable (,1) -tensor 
field W, if one exist, such that 

W[U] = VT[U], (7) 

for every test I ) -tensor field U. For an approach in which tensor distributions and their derivatives are described 

without assuming the presence of a metric see reference [ p3| . Alternatively, by using de Rham currents ||24| and 
replacing test tensors by test n-forms, the introduction of a volume element can be avoided. Here we shall follow the 
more conventional approach of reference jj] . 

Now, let V be the derivative operator in any smooth metric r/. Then the Riemann tensor of a smooth metric g can 
be written as 

D d D d , r)Y7 /-id I rt/^d rim / q\ 

where 

Qfc = lig-'r'i^agbd + ^b9ad - Vd9ab)) (9) 

and i?af,/ is the curvature tensor of rj. For the Einstein tensor of g we have 

Gab = Rab - lig-'r^Rcdgab + i9-'r'C-mlcC:(d9ab + V[, {C^^Ag-'T' 9ab) + C,^[,Ve] ((ff '^)^'^5ab) , (10) 

where Rab — Racb i^ ^^^ Ricci tensor. 

Following Ref. Q, a symmetric tensor field g on a manifold M will be called a regular metric provided: (i) g and 
g"""^ exist everywhere and are locally bounded, and (ii) the weak derivative of g in some smooth metric 77 exists and is 
locally square-integrable, i.e., the outer product of the weak derivative with itself is locally integrable. The curvature 
tensor (|g) and the Einstein tensor (jl^) of a regular metric make sense as distributions, therefore it makes sense to 
write Einstein's equations with distributional energy-momentum tensors. It turns out that these idealized matter 
sources must be concentrated on submanifolds of codimension of at most one [^ . 

A wider class of metrics whose curvature makes sense as a distribution can be defined, the so-called semi-regular 
metrics [||. A symmetric tensor field g on a manifold J\A will be called a semi-regular metric provided: (i) g and g~^ 
exist almost everywhere and are locally integrable, and (ii) the weak first derivative Vg of g in some smooth metric 
77 exist and the tensors C^^ and C'mrf,C'"ic ^"^^ locally integrable. Under these constraints, the right hand side of (g) 
is well defined as a distribution. However, a semi-regular metric may have no distributional Einstein tensor. This is 
due to the fact that for a semi-regular metric, contractions of the metric with the curvature tensor may have no sense 
as distributions. 

III. POINT SOURCES IN (2 + l)-DIMENSIONAL GRAVITY 

Consider a (2 + l)-dimcnsional spacetimc {Ti? , g), where the metric g in a particular coordinate system is given by 

g = -dt®dt + p^^"\dp®dp + p^dip®dLp), (11) 

where — c» < i < cio, < p and — tt < tp < tt, with the surfaces (p = — tt, tt identified. In Ref. [p3, the metric ( pT| ) has 
been identified with the metric generated by a point source of mass m at the origin. 



It is easy to see that (|ll|) is not a regular metric (the analogous treatment of the problem in (3 + l)-dimensional 
gravity has been considered elsewhere y,y). Let rj be the ordinary Minkowski metric on TZ^ given by 

77 = -dt (K) dt + dp (g) dp + p^d^s d(y9, (12) 

and we take for the differentiable structure that in which t,x ^ p cos ip and y = p sin Lp form a smooth chart. It follows 
that 

g = r; - (1 - p-*") (dp dp + p2d(^ d^) (13) 

and 

g-' = r/-i - (1 - p'nidp ®dp + p~^d^ ® d^). (14) 



We have that g and g exist almost everywhere. Let U be a test f J -tensor field on TZ . We have 

g[u] = / {v\u)LOr, - / (1 - p-«")(t/^^ + uyy)Lo^. (15) 

Therefore, g is locally integrable for < 8m < 2 but not locally bounded. Next, let S be a test ( J -tensor field on 
7^^. It follows that 

g-i[S]-/ {S\tj-^)oj.,- f {l-p'''niSx. + Syy)uj,j. (16) 

Hence, g"'^ is locally bounded and locally integrable for all to > 0. Finally, let U be a test ( J -tensor field on TZ? . 
We find that the weak derivative in 77 of g exist almost everywhere and is given by 

Vg[U] = -g[77 • VU] = lim / .g.bVet/^'^^c^^ = / W.abU^'^'^n, (17) 

where 

Wcab - -8mp-<^^+^'^Upc{dpadpb + p'^dipadipb). (18) 

It then follows that Vg is not locally square integrable for m > 0. Therefore, g is not a regular metric in the 
differentiable structure chosen. Actually, there exists no differentiable structure that will render the metric (O) 
regular since the support of the curvature of ( |ll[ ) is expected to be a submanifold of codimension greater than one. 
Now, from (^ and (|) it follows that 

Clb = {dpdpadpb + d'^{dpadtfb + dpbdipa) - p dpdipadfb) , (19) 



CUCT]c = 0, (20) 



which is locally integrable. On the other hand 



which is also locally integrable. Therefore, the metric (|11| ) is a semi-regular metric. 
From (0), (n% and (EG), the Ricci tensor is given by 

Rab = ^[cCa]b- (21) 

Hence 



/K3 

and we obtain 






(22) 



^'^iO„ 



RabiS'"''] = - lim / {C^^VcS"-" - CtkVaS'^' 
where a is the volume elem.ent induced on the surface p = constant by the metric (n3) . For p y^ we have 



(23) 



VcC^t, = VaC^b = -^{dpadpb - p^difiadifib). (24) 

p 



Then 



RabiS'^''] - - lim / {dp^C^,, - dpaC^,,)S^'a 

/4m 
{dpadpb + p^dipadipb)S°' G 

= lim 4™ / dtd^p {dxadxb + dyadyb)S°' 



87rm / dt (5^^(i, 0, 0) + 5^^(t, 0, 0)) . (25) 



Therefore 

Rab = 8nmS]^g(^{dxadxb + dyadyb). (26) 

Next, from (10),([l8|) and (p^), the Einstein tensor of ( pi]) is given by 

Gab = i?afc - 8mVc {-p^"'-^d'pdtadtb + p'^dpadpb + p^d^ad^b)) ~ 64m^ p'^"'~^dtadtb. (27) 

Note that the right hand side of ( P7| ) contains the derivative of a locally integrable tensor plus a locally integrable 
tensor. Hence, the Einstein tensor of (ill) makes sense as a distribution. Then 



GabiS'^'] = RabiS""'] 



8m / {-p^'^-^d'dtadtb + p-\dpadpb + p'dVadipb)) VcS"'''LOr, 

64m2 / p^'^-^dtadtbS''''LOn- (28) 



An analogous calculation to that of (Ea) leads to 

{-p'^^-^d'pdtadtb + p-Hdpadpb + p'^difiadifib)) V^S^-^u;,, 



TC3 



TT^gj {dxadxb + dyadyb)[S''''] +8m j p''"''^dtadtbS''''uj^. (29) 



K3 



It follows from (g6D,(l28|) and (gg) that 

Gab = 0. (30) 

These results suggest that the spacetime (7?.^ , g) with g given by (|ri|) , although having a distributional curvature 
with support on the origin, has a zero everywhere distributional Einstein tensor. How are we to reconcile these results 
with those of Ref. [po|? 



In the following, the approach of references |18 19] is considered. We show that this approach may be used to 
regularize (O) in such a way that the resulting regularized metric is a continuous regular metric with well defined 
distributional curvature and Einstein tensors in the sense of reference 0] . 

Consider a 3-dimensional spacetime (7?.'^ , g) , where the metric g is given by 

g = gai3(ix°' (g) dx'^ = -dt ® dt + H{dp ® dp + p'^dip dip), (31) 



where — oo < i < oo, < p and — tt < i^ < tt, with the surfaces ^p = — 7r,7r identified. At this stage, H = if(p) is an 
unknown C°° function, making possible to perform conventional pointwise differential geometry. 
From (pi|), it follows that the curvature two- form, 7?.^, is given by 



\ d d 
2d^^^Jp 

and the non-zero components of the Riemann tensor are 



K = ^—ii>—J''snHp'^<iv (32) 



fl»„ = «..^„ = -Jj^-i(,i.,ogH). (33) 

From (JS^), the Ricci tensor and the scalar curvature can be obtained. Finally, the Einstein tensor G is found to be 
given by 

G = G*di®at, (34) 

where 

Here, it is worth recalling that in three spacetime dimensions the identity 

V/3 



R^Jg - e^^'^ea.pxG^, (36) 



3 



holds, linking curvature and Einstein tensors. 

Now, we take (p4 35) as the definition of the Einstein tensor of (pT|). Let U be a test I 1 -tensor field on TZ 
Next, consider the mixed- index Einstein tensor density IdeigjsG, with \detg\^ the density generated by the metric g 



in (31), as a functional on the space of test tensor fields through 

/ \detg\iGlU''^e= [ dtdxdy HG\U\, (37) 

where it is understood that G1 and J7^ are Cartesian components as functions of Cartesian coordinates {t, x, y) with 
X — p cos (j) and y = p sin 0. Then 

j ^ \det^\^GlUle = \iiaj dtdpdip -— (p—logHj Ul{t, p cos ip, p simp) = \hnTT I dp— (p—logHj U\{p), 

(38) 



where 



It follows that 



U\{p) = — j dt j dip U\{t,p cos p.psvap). (39) 



— oo J — 7r 



/^^ \det^\^G'^,Uie ^ lun.f dp loguj- [pj-Ul) 



(40) 



where we have integrated by parts and imposed the condition 



lim p— log i/ = 0. (41) 

p^o dp 

Now, let us assume that (|3^) holds even for a less well-behaved H. Let log H be the C-'^-function given by 

logiJ= -8TOlogp>, (42) 



where p> = max{p^^} with ^ a constant parameter which we will treat as a regulator. Eq.(42) is a solution of 



^(p^logi/)--8m%-0, (43) 

that satisfies (|4l| ) and where both sides of ( [43|) should be understood as distributions on test functions (j){p) G $(7^+). 
From (M3) it foUows 

H{p) = ip>r'^, (44) 

which is also a well defined distribution on $(??.+ ). 
From (|^) and (|4|) it follows 



\detg\-^GlKe^-87rmUiiO, (45) 

where we have integrated by parts and used ([4l|). 

From (p3|), ( p6| ) and (p5|), we have that the Riemann tensor density is supported on the surface p = C- Hence, 
the spacetime will be flat except on this surface. Geometries of this kind in (2 + l)-dimensional gravity have been 
previously studied p5|j2^ . 

Prom (^), it follows 

lim / |deig|^G"b[/^e==-87rmC7f(0) = -87rm / dtUl{t, 0,0). (46) 

Therefore, the ^ — > limit of the density |(ietg| 2 G is the distribution 

lim \detg\iGl = -87TmSll\d^ dh, (47) 



5^0' "■ " (0) 



ir(2) 



where S)J is the usual two-dimensional Euclidean S distribution with support on the origin. This means that the 

spacetime {TZ^ , g) , where the metric g is given by (|3|,^) , can be identified in the ^ ^ limit with the spacetime 
generated by a distributional energy- momentum tensor T = Tjiit (E) dt with 

\detg\iTl^-m5ll]. (48) 

Since for p > £,, the metrics (|ll|) and ( pi| , p] ) agree, a point source of mass m at the origin may be considered as the 
source for the metric (O), as proposed in reference [ pO| . 

We now wish to make contact with the approach of reference Q . The regularized metric (^,Q) is a continuous 
metric with a jump discontinuity of the extrinsic curvature across the hypersurface of codimcnsion one p — £,. Then 
the metric (^,Q) is a regular metric V^ > 0. We have 

g^Tj- {1- H){dpiS)dp + p'^dip(g)dip) (49) 

and 

g"' = r;-i - (1 - H-^){dp ^dp + p-^d^ ® 9^), (50) 



where 77 is given by (jl^) , H is given by ( [441) and we take for the differentiable structure that in which t,x — p cos (p 
and y — psiiiip form a smooth chart. Hence it follows that g and g^^ exist everywhere. 

Let U be a test I j -tensor field on TZ^. We have 

g[u] = /" {t]\v)lj^ - f dt f dp f d^ p{i - £_-^"'){u'''' + uyy) - f dt f dp I dipp{i- p-^'"'){u^'-' + uyy), (51) 

where p = \J x^ + y^ . Therefore, g is locally bounded for ^ > 0. Next, let S be a test I j -tensor field on V? . It 
follows that 

g''[S]= J ^{S\fJ~^)uj^- jdtj dpJd^p{l~en{S.X + Syy)-JdtJ dp j d^p{l-p^"'){S^^+Syy). (52) 



Hence, g '^ is locally bounded for all ^ > 0. Finally, let U be a test ( j -tensor field on Ti?. We find that the weak 
derivative in ?/ of g is given by 

Vg[U] = -g[7/ • VU] = / M^eabC/'^'c^^, (53) 

where 

^'='^'' " I -'8mp-(i+8™)dp,(dp,dpfc + p'dipad'Pb), p > r ^^^^ 

It then follows that Vg is locally square integrable for ^ > 0. Therefore, (31 44) is a regular metric. Furthermore, 
since it is a continuous metric, we have a well defined intrinsic 2-geometry at the two-surface p = $,■ It should be 
recalled that continuous regular metrics can be suitably approximated by smooth metrics B. In this sense, the class 
of continuous regular metrics provides a physically sensible idealization of the smooth metrics of general relativity. 
Now, from (|l|,||) and (|) it follows that 

(-ah - I 4^ [d^dpadpb -t- d'^idpadifib + dptdifa) - p^d^d^ad^b) , P>^ ^^^> 

and 

C™[6^aTc = 0- (56) 

From (g), ( p3{) and (|5^) we have 

Rab = V[,Q],. (57) 

Computations analogous to the previous ones give 

R^blS"'''] =Am f dt f dip {S'''= {t, ^ cos ip,^ sin ip) + S^^t,^ cos ip,^ sin if)) (58) 

and 

/~i f cab] 7j rcabl 

(-rofc[<3 J — -Kah[0 J 



-4m dt dip {-^^"'S''{t,^cosp,^sinip) + S''^t,^cosp,^sinip) + Syy{t,^cosip,^sinp)) 

= 4to^*" f dt f d<pS'\t,^ cos ^,£. sin ip), (59) 

where in the last step we have used (^. Hence 

limRablS"''] = STTmSp^idxadxb + dyadyb)[S''''] (60) 



and 



limG„fc[5'^^]=0, (61) 

4^0 



in agreement with ( |26| ) and (30). 

For the sake of comparison, let us calculate G1 for the metric (|l|,|^. For a smooth metric we have 

Gl = K - ^ig-'r'RcSl + {g-'r'c:,,[,c^,si + V[, {ci^Ag-'r') K + ci^,^e]{g-'r5l, (62) 

where 

R% = {g-TRcb + 2V[, (Cl^big-'T") + 2C,%V,](5-i)'^'^ + ^ig-^T'C^micC^^b- (63) 



We take (|62|) as the definition of tfie mixed Einstein tensor for a regular metric. As a qualifying remark, it should 
be recalled that for a regular metric, the outer product of any number of metrics and inverse metrics with a single 
curvature tensor can be interpreted as a distribution Q . Since any contraction of a distribution is a distribution, for 
a regular metric the Einstein tensors ( fiJJl) and (JG^) are well defined as distributions. 

Let S be a test ( J -tensor field on TZ"^. From ( |62| ) and (|6^), a calculation analogous to that of equation (^5|) leads 



to 



and 



Gl K] = Rl K] - 4m C«™ Jdtjd^ {S\ (t, ^ cos ^, f sin v)+S%{t,^ cos ^, ^ sin ^) + SI (i, C cos ^, f sin ^)) 

= -4m e*'" f dt f dip S\{t,^ cos ifi,^ simp), (65) 



where we have used (p4). Hence 



and 



lim i?"^^" ] = (66) 

5^0 



hmGl[S''J^O. (67) 

A comparison of (|4^) and (|67| ) illustrates the dependence of ( pT) ) on the volume element chosen. This is the usual 
situation when tensors distributions are associated with locally integrable tensors via Eq.(S), requiring the specification 
of a reference volume element Q. However, as this example suggests, the approach that led us to (|4^) appears to 
be more appropriate than the one used to arrive to ( pO| ) and ( p7\ ) , in order to relate the singularity of the curvature 
of (|ll| ) to that of the Einstein tensor. 

Finally, since general relativity is a covariant theory, coordinate invariance of these results must be considered. 
The present approach needs the introduction of a coordinate system but, since the righthand side of ( [47|) is a tensor 
density of weight one defined on Ti? , coordinate invariance of the result is expected at least under those coordinate 
transformations that do not involve the coordinate t. 

IV. THE SCHWARZSCHILD GEOMETRY 

The Schwarzschild solution is locally the only asymptotically flat, spherically symmetric solution to the Einstein 
empty space field equations. Schwarzschild spacetime is taken usually as that part of a 4-dimensional manifold with 
a metric of the form 

2777 2t77 

g = -(1 )di dt + (1 y^dr dr + r'^{d9 dd + sin^ ddip dip). (68) 



where r > 2m, — oo < t < cxd, < 9 < tt and < (p < 27r. Following standard practice, in (pq) we have omitted 
writing the outer product sign. 

Assuming that the manifold and ( pq ) can be extended to include the region r < 2m, we can ask for the source of 
this geometry. The metric ( pq ) does not fall within the class of regular metrics Q. In the following, we will show that 
it is not a semi-regular metric. 

Let ry be the ordinary Minkowski metric on TZ^ given by 

7/ = -dtdf + d7'dr + r^(d6ld6l + sin^6ld(^d(/?). (69) 

We take for the differentiablc structure that in which t,x ^ r cos ip sin 9,y = r sin cp sin 9 and z ~ r cos 9 form a smooth 
chart. It follows that 

g = rj-\ dtdt~- drdr (70) 

r 2m — r 



and 



dt dt dr dr, 

Zm — r r 



(71) 



where r = y'x^ + y^+z^. We have that g and g ^ exist almost everywhere. Let U be a test I ) -tensor field on 
TZ'^ with support on r < 2m. Thus, 






,2m. 



■U' 



2m 



n^ r 



2m 



-dradrbU"''')LUr,. 



(72) 



Therefore, g is locally integrable. Now, let S be a test f " ) -tensor field on TZ'^ with support on r < 2m. It follows 
that 



g-Ms]= / (sh-i)c.,- / 



2m 2m ^^ 

2m — r r 



(73) 



Hence, g ^ is locally integrable. Next, let U be a test I j -tensor field on 7?.^ with support on r < 2m. The weak 
derivative in t? of g exist almost everywhere and is given by 



Vg[U] = -g[r7 • VU] == hm / Qa^N cU^'^'^n = / 



W.abU^'^^u;^ 



(74) 



where 



2m 

7i 



Wcab = - -ypdrcdtadU 

„2/ 



2m 



1 2m 



(24 



^drcdradn 



r 2m 



3in 6dipcd(pa)drb + T dr a {d9 cd9 1, + sin Odtpcdfb)) 



(75) 



It then follows that Vg is locally integrable. However, it is not locally square-integrable in r < 2m due to the fact 
that —^drcdtadti, is not locally square-integrable. Finally, from (0) and (^5|) we have 



1 m 



1 m 



C^nh = dfidradtb + dtadn) + d^dvadrt, 



■'ah 



r Ira — r r Zm 

2/77 ZiTTl TTl 

-^df.{r^d0adeb + r^ sin^ Odipadipb) - {— j)df.dtadtb, 

2m 



(76) 



which is not locally integrable because ^d'fdtadtb is not locally integrable. Therefore the metric (|68|) is not a 
semi-regular metric. 

In these case, however, distributional curvature and Einstein tensors can be obtained for (Bq) through rcgularization 
procedures. Following Ref. |1^], consider a metric of the form 



g = hdt dt - h^^dr dr + r^ {dO dO + sin^ Odip dip), 



(77) 



where < r < 2m and ft, is a C'°° function of r. The evaluation of the Einstein tensor proceeds now in a straightforward 
manner. We omit the details of the calculation; the result is 



G = 



1 d 

J.2 flj. 



(r(l-fM) 



{dtdt + drdr) - 



1 



r^ dr dr 



[dede + d(^a^). 



(78) 



To find a distributional source for the Schwarzschild spacetime, consider the components of ( |78| ) as distributions on 
the space of test functions (j) G I?(7?.'^) with support on the region r < 2m, where TZ^ is endowed with the usual C°° 
Euclidean metric, and h given by 



(79) 



M0--1 + -/, 

r 

where / = fx{r) is a C°° function such that /a(0) = and satisfying limA^Ao fxi^) -^ 1. The metric ( [77| , [79| ) is a 
regularized version of (|6^). From Einstein field equations and (ItSJT^), a source T/ which depends explicitly on the 
rcgularization function f\ is obtained. By taking f\{r) — r^ , the A ^ distributional limit, gives 
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T = -m(5gj [dtdt + drdr - ^dOde - ^dipd^] , (80) 

where S,J is the usual three-dimensional Euclidean S distribution. By virtue of the distributional identity in TZ'^ 

S[l] [drdr - ld0dg - U^d^] = 0, (81) 



it follows that (bG) has the simpler expression 



T = -mS'j^^dtdt. (82) 



The distributional tensor T given by (|82|), vanishes for m — and has support on the region \x\ — 0. Therefore, the 
Schwarzschild geometry can be considered as generated by the distributional energy-momentum tensor (p2|) [|l5| . It 
should be noted that ( p2|) can also be obtained without the need of regularization procedures, approximating ( ]68[ ) by 
analytic metrics and using the fact that reciprocals of analytic functions provide well-defined distributions pi . 

We shall now show that the regularization (^9|) with f\{r) = r^ does not provide a regular metric in the sense of 

reference Q. Let U and S be a test I j -tensor and I j -tensor fields on TZ'^, respectively, with support on r < 2m. 

We have 

(g|U) = (,7|U) - (^^ [/" - ^^7' dr^dnU^') (83) 

r 2mr^ — r 

and 

(g-i|S) = (S^-i) - (-^^ Su - ^-^d^d'r Sa,). (84) 

It then follows that g and g^^, although locally integrable for A > 0, are locally bounded for A > 1. Further, the 
weak derivative in 77 of g exist almost everywhere and is given by 

Vg[U] - -g[r/ • VU] = / W^abU^'^^'u^r,, (85) 

where 

Wcab = -(1 - X)2mr^-^drcdtadtb - 2mVc ( — ^r dradn] . (86) 

\2mr^ — r J 

The weak derivative is locally integrable for A > and locally square integrable for A > i. It then follows that this 
regularization does not provide a regular metric VA > 0. Thus the distributional meaning of the Riemann tensor and 
its contractions, in the sense of reference B|, is questionable at the intermediate steps of the calculation. 

We note in passing that ( p2| ) may be obtained with different regularization functions f\ ||l^,|l^. However, the 
invariance of the regularization procedure is uncertain and (p2) is obtained only by imposing some rather ad hoc 
regularization prescriptions [l6[ . Using the Kerr-Schild ansatz for the metric tensor and assuming that under the 
regularization procedure the metric maintains its Kerr-Schild form, it has been shown that (p2[) can also be obtained 



We turn now to the problem posed by Einstein field equations G = SttT, with T given by (p2h. What we want 
to address here is how to arrive to (p3) by a regularization procedure guaranteeing that the curvature tensor and 
its contractions be well defined tensor distributions at all intermediate steps of the calculation. The regularization 
procedure discussed in the previous section can be applied here. As we have shown, within this approach many of the 
difficulties arising from lack of invariance or caused by regularization ambiguities are avoided, or at least, deferred. 

We take ( [78| ) as a definition of the Einstein tensor. Let U be a test I ) -tensor field on 7?.^. Next, consider 

the mixed- index Einstein tensor density \detg\2G, with \detg\2 the density generated by the metric g in (|77|), as a 
functional on the space of test tensor fields through 

/ \detg\iGlUie^ f dtdxdydz G%Ul, (87) 
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where it is understood that G1 and (7^ are Cartesian components as functions of Cartesian coordinates {t,x,y,z) 
with X = r cos ip sin 9, y = r sin ip sin 9 and z = r cos 9. Then 






1 
2 



(r(l + M) 



(c/*(r)+9°drhC/^(r) 






{d%d9b + d%d^t,)Ui{r), 



where 



U\{t) 



Att 



dt I d9 I dip sm9Ul, 



(89) 



d%dnUl{r) = -- dt d9 dip sin 9 [sin^ 6l(cos2 vUl+ sin^ ipUl)+ cos^ 6* U^ 

47rJ_^ Jo Jo 



+ sin^ 9 sin (^ cos V5(C/^ + [/^) 
+ sin6'cos6'sin^(C/| + C/^) 
+ sin 9 cos 6* cos </7(t/^ + t/f )] 



(90) 



and 



1 /"OC /"TT /'27r 

{dU9b + dldipbpiir) = — / dt dO dip sin 9 [cos^ 6'(cos2 ^ C/^ + sin^ V' t^^) + sin^ 6* C/^ 

47r y_^ Jo Jo 



+ sin^ (^ t/;^ + cos^ <^ C/^ 

- sin^ 9 sin (p cos if{Ul + Uy) 

- sin9 cos 9 sin ip{Uy + U I) 
-sin9cos9cosip{Ul + Ul)]. 



(91) 



It follows 



w^ 



d r- 



|detg|2Gfc[/'e = limMTT / drr(l + /i)— U\ + d%dnUb^ 



27r 



dr 



^'^(<9e"e6 + a5dV'b)f/'a 



where we have integrated by parts an imposed the condition 



(92) 



limr^ — /i = 0. 
r— ►0 dr 

Now, let us assume that (|9|) holds even for a less well-behaved h. Let h be the C^-function given by 

2m 
r> 



(93) 



(94) 



where r> — max{r,S,} with < ^ < 2m a constant parameter which we will treat as a regulator. Eq.(94) is the 
solution of 



lir^lh)^^2..5ip^O. 



(95) 



where both sides should be understood as distributions on test functions ^(r) G $(7?,+ ) whose support is contained 
in r < 2m. Further, (|9J) satisfies (|93| ) and 



0, 



(96) 



where the condition ( |9q ) ensures continuity of the metric tensor at r = 2m, assuming that (pq) holds for r > 2m. 
Note that, although for r < 2m the coordinate r is timelike and the spacetime is no static, causality with respect to 
r cannot be used as a criterion to obtain h. 
From (H) and (|9|) it follows 
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\dets\^GlUle = -8^to- / dr U\ + d%dn U^ + 47rm(ag"0fa + d''^d^t,)Ui{0 ■ 
w wo L ^ 



(97) 



Eq. ( |97| ) implies that the density jdeigjaG has support on the four dimensional submanifold r < ^. 
Now, from (p7|) we have 



where 



lim / |detg|5G"fct/°e=-87rm U\{Q) + d%dn U^iQ) + iTTm{d^0b + d^d^b)U''a{0), 



(98) 



9-drbC/&,(0) = - / di(C/^(i,0,0,0) + [/^(t,0,0,0) + C/^(i, 0,0,0)) 



(99) 



and 



id-9t + d-d^bPiiO) = - / di(C/^(t,0,0,0) + C/^(i,0,0,0) + C/^(i, 0,0,0)) 



(100) 



It follows 



lim/ \detg,\^ GlU^e = -%T:m I dtUl{t, 0,0,0). 



(101) 



Therefore, the ^ ^ limit of the density \det^\ 2 G is the distribution 

lim |deig|^G = -SnmS^Udtdt 



«^o 



(0)' 



(102) 



where 5) J is the usual three-dimensional Euclidean S distribution with support on the origin. This means that the 

spacetime (TZ'^ , g) , where the metric g is given by ( [77|j94| ) , can be identified in the ^ -^ limit with the spacetime 
generated by the distributional energy-momentum tensor T for which 



(3), 



\detg\^T = -mS\ll^dtd, 



(103) 



Since for r > <^, the metrics ( p8[ ) and ( |77| ) with h given by (94) coincide, a point source of mass m at the origin 
may be considere d as the source for the Schwarzschild geometry, as claimed in references [[l|jl5[. Note that since the 
righthand side of (102) is a tensor density of weight one defined on 7?.^, coordinate invariance of this result is expected 
at least under those coordinate transformations that do not involve the coordinate t. 

As follows from (p3), h is continuous at r = ^ . Therefore, the usually required continuity of the metric is ensured 
and the intrinsic 3-geometry of the hypersurface r = ^ is well defined. On the other hand, the extrinsic curvature 
is discontinuous across this surface of codimension one. It then follows that the metric ([77 94) is a regular metric 
Vf > 0. We have 



2m , , 

r-i-\ dtdt 

r> 



2m 



2m — r^ 



-dr dr 



and 



2m 2m 

OtOt drOr- 



2m — r 



(104) 



(105) 



Thus g and g ^ exist almost everywhere and are locally bounded V^ > 0. Let U be a test ( j -tensor field on VJ^ 
with support on r < 2m. The weak derivative in 77 of g exist almost everywhere and is given by 






(106) 



where 
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1 2m 



r 2?^^:^ {r^{dOcdOa + sin^ 6dipcdipa)drh + r'^draid9cd9h + sin^ edipcdft)) , r <^ 

W,ab - { ^2rn^r,dtadh - J^^^dr.dradn (^^^^ 

-72^37 {r^{d0cdea + sin^ edipcdipa)drb + r^draidO^dei, + sin^ edipcdipb)) , r>C 



This weak derivative is locally square-integrable. Hence, ([77y94[) is a regular metric as expected. 
Computations analogous to the previous ones show that 

RablU'^'] ^mj ^ ((1 - ^)rfiad4 - (1 - Y^-'dVadn) C/«V 



2m f°° /■* /■'^ /■ 

-— dt dr d0 dip sine {r'^deadeb + r'^sin^edipadiphp"'', (108) 

S J-x JO JO JO 



Gabp'^']^^ dtj dr j del d^ sine Ul~^)dtadtb~{l^^)-'dradnjU^' 



1 



-2m/ ^(r2d6'arf6lb + r2sin2 6'd(^„d(pb)L/°''cr, (109) 






dt dr de dip sine {d^deb + d^dipb)Ul (110) 



and 



2m P°° /"^ /"^ r^'" 
G'l[U''J:^ — — / dt dr de dip sine {d^dtb + d^drb)U''^ 

S J-oo JO JO JO 

+m f ^{d^deb + d^dpbW.a, (111) 

where it is understood that [/"'' and Ui are Cartesian components as functions of Cartesian coordinates. 



From (10? -Ill) it follows that we have well defined distributional Ricci and Einstein tensors V^ > 0. However, in 



the ^ ^ limit, only the mixed components of these tensors turn out to be well defined distributions. 



e^o 
and 



lim Rl[U'',] = 4^mj[o] [-d^dtb + d^dxb + d^dyb + d^dzb] [U\] (112) 



lhnG",[[/^J = -^^m5'^\dtdtb[Ul]. (113) 



Notice that the result (102) is recovered. In this case, both approaches give the same result since the volume 



element of the local auxiliary metric (|69|) agrees with the volume element of the regularized metric ([r7|,^ . 

V. CONCLUDING REMARKS 

We have proposed a particular kind of regularization for the metrics of two singular spacetimes: the 2-t-l-dimensional 
spacetime around a massive point source and the Schwarzschild spacetime. In these two rather different examples, 
we have shown that a satisfactory regularization procedure is obtained by requiring that (i) the density IdeigjaG"^, 
associated to the Einstein tensor G\ of the regularized metric, rather than the Einstein tensor itself, be a distribution 
and (ii) the regularized metric be a continuous metric with a discontinuous extrinsic curvature across a non-null 
hypersurface of codimension one. For these examples, the regularized metrics are regular metrics with well defined 
distributional curvature and Einstein tensors at all the intermediate steps of the calculation. The distributional limit, 
when the regularization is removed, assigns a well defined distribution to the mixed-index Einstein tensor density 
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with support on the singularity. Further, some interesting relationships between the curvatures obtained in different 
approaches have been put forward. We have not discussed exhaustively the coordinate invariance of the results. This 
important issue will be considered elsewhere. But the strong constraints that the present approach imposes on the 
regularization procedure suggest that it may be useful to get further insight about the distributional meaning of the 
curvature of non-regular metrics. 
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